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c. c. LINDNER * AND C. A. RODGER 
I. INTRODUCTION 
A Steiner triple system (or, more simply, triple system) is a pair (Kn, T), where Kn is the 
complete undirected graph on n vertices and Tis a collection of edge disjoint triangles which 
partition the edge set of Kn. The number n is called the order of the triple system (Kn, T) 
and it is well known that the spectrum (= set of all orders of triple systems) is precisely the 
set of all n == I or 3 (mod 6). It is a trivial exercise to see that if (Kn, T) is a triple system 
of order n then ITI = n(n - 1)/6. The nesting problem for triple systems is the following: 
given a triple system (Kn, T), is it possible to find a mapping 0(: T .... V(Kn) from the set of 
triangles to the vertex set of Kn such that T* is an edge-disjoint decomposition of Kn, where 
T* is defined by 
It is easy to see that n == I (mod 6) is a necessary condition for the triple system (Kn, T) 
to be nested. However, the problem of whether or not every triple system of order n == I 
(mod 6) can be nested is extremely difficult, to put it mildly. (See [5] for example.) A much 
more reasonable problem is whether or not it is possible to construct a triple system of every 
order n == I (mod 6) which can be nested. Recently, after some preliminary results in 
[2, 7], this intriguing problem was solved by Doug Stinson [10] who constructed a triple 
system of every order n == I (mod 6) which can be nested. 
Since a triple system of order n == 3 (mod 6) cannot be nested, the following problem is 
immediate: How close can we come to nesting a triple system of order n == 3 (mod 6)? By 
all accounts, the most satisfying answer seems to be the following. Let (Kn, T) be a triple 
system of order n == 3 (mod 6). A nesting of (Kn, T) is a pair (n, O(), where n is a parallel 
class of triples of Tand 0( is a mapping from T\n into V(Kn) such that T* is an edge-disjoint 
partition of E(Kn)\E(n), where 
Quite recently, the combined work in [6, 12] resulted in the construction of a triple system 
of every order n == 3 (mod 6) ~ 15, which can be nested. The triple systems of order 3 and 
9 cannot be nested. 
A triple system of index A (or a A-fold triple system) is a pair (AKn, T), where AKn is the 
complete undirected multigraph of index A (each pair of distinct vertices is joined by exactly 
A edges) and T is a collection of edge disjoint triangles which partition AKn. It is well 
known that the spectrum for 2-fold triple systems is the set of all n == 0 or I (mod 3). A 
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2-fold triple system (2Kn' T) of order n == I (mod 3) is said to be almost resolvable provided 
the n(n - 1)/3 triples belonging to T can be partitioned into n partial parallel classes 
nI, n2' ... , nn' where each partial parallel class nx contains Inxl = (n - 1)/3 triangles (of 
course), and has deficiency {x}. In [3] Ranani constructed an almost resolvable 2-fold triple 
system of every order n == I (mod 3). Apart from being of interest in its own right, almost 
resolvable 2-fold triple systems are also of interest for the following reason. Let (2Kn' T) 
be an almost resolvable 2-fold triple system with parallel classes n I , n2, ... , nn' Then the 
mapping 0:: T -+ {I, 2, ... , n} given by 
to: = i, if and only if t E nj 
is a nesting of the 2-fold triple system (2Kn' T), defined in exactly the same way as for triple 
systems with Kn replaced by 2Kn • (This nesting was first noticed by Colbourn and Col bourn 
in [2].) Unfortunately, a nesting of a 2-fold triple system does not necessarily give an almost 
resolution. Nevertheless, it is an interesting connection. 
We now frankly admit that all of the above comments on A-fold triple systems are given 
as an historical perspective as well as motivating factor for the study of the same type of 
problems for pentagon systems. So, here goes! 
2. PENTAGON SYSTEMS 
A pentagon system (PS) is a pair (Kn' P), where Kn is the complete undirected graph and 
P is a collection of edge-disjoint pentagons which partition the edges of Kn. 
I 
SA2 
4U3 
So that the pictures do not get out of hand, from here on we will denote the pentagon 
by an cyclic shift of (a, b, c, d, e) or (b, a, e, d, c). 
EXAMPLE 2.2. (K11' PI I), where V(K11 ) = Zl1 and PI I = {(I + i, 4 + i, 5 + i, 
9 + i, 3 + i)1 i E Zl1}' 
If (Kn' P) is a pentagon system, the number n is called the order of the system and it is 
easy to see that the number of pentagons is IPI = n(n - 1)/10. In 1966 Rosa [13] proved 
that the spectrum for pentagon systems is precisely the set of all n == I or 5 (mod 10). A 
Steiner pentagon system (SPS) is a pentagon system (Kn' P) with the additional property that 
every pair of vertices are joined by a path of length 2 in exactly one pentagon of P. In 1984 
Lindner and Stinson [8] proved that the spectrum for SPSs is the same as for PSs, except 
for n = 15 for which no SPS exists. We mention this to emphasize the fact that we are 
dealing with pentagon systems in this paper and not necessarily Steiner pengaton systems. 
3. NESTING PENTAGON SYSTEMS OF ORDER n == I(mod 10) 
A nesting of the pentagon system (Kn' P) is a mapping 0:: P -+ {I, 2,3, ... , n} such that 
p* is an edge-disjoint decomposition of Kn , where 
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In what follows we will denote the star 
e~f ____ b 
J7\~ d c 
by «a, b, c, d, e); prx). A simple counting argument shows that a necessary condition for a 
pentagon system of order n to be nested is n == I (mod 10). 
EXAMPLE 3.1. Let (KII' PII) be the PS in Example 2.2. Then the mapping rx defined by 
(1 + i, 4 + i, 5 + i, 9 + i, 3 + i)rx = i 
is a nesting of (KII' PII ). We will use this example in the construction which follows. 
The main ingredient in the following construction is a skew fame (SF) defined as follows: 
Let X = {I, 2, 3, ... , 2il}, H = {{I, 2}, {3, 4}, {5, 6}, .. . , {2n - 1, 2n}} (the 2-e1ement 
subsets belonging to H are called holes), and denote by T(X) the set of (n 2-element subsets 
of X. Let F be a 2n x 2n array and fill in (a subset of) the cells of F as follows: 
(1) For each hole {x, y} E H fill in the 4 cells {x, y} x {x, y} with 
m 
CI:J 
(in what follows the 4 cells {x, y} x {x, y}, {x, y} E H, will be called a square hole) . 
(2) Distribute the pairs in T(X)\ H among the cells not belonging to a square hole (each 
pair used exactly once) so that each row and column of F is a I-factor of K2n • 
(3) If {a, b} E T(X)\ H, exactly one of the cells (a, b) and (b, a) is occupied. 
The resulting array is called a skew frame of the order 2n. 
EXAMPLE 3.2. A skew frame of order 10: 
I 2 6 9 8 10 3 5 4 7 
I 2 6 10 7 9 4 5 3 8 
5 10 3 4 2 7 I 9 6 8 
5 9 3 4 I 8 2 10 6 7 
8 9 I 7 5 6 4 10 2 3 
7 10 2 8 5 6 3 9 I 4 
4 6 2 9 3 10 7 8 I 5 
3 6 I 10 4 9 7 8 2 5 
4 8 5 7 I 3 2 6 9 10 
3 7 5 8 2 4 I 6 9 10 
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THE SKEW FRAME CONSTRUCTION 
Let X = {I, 2, 3, ... , 2n} and set S = roo} U (X x {I, 2,3,4, 5}). Let Fbe a skew 
frame of order 2n (based on X) and let C = {(I, 1, 3, 4, 3), (2, 2, 4, 5, 4), (3, 3, 5, I, 5), 
(4,4, 1,2, 1), (5, 5,2, 3, 2)}. Define a collection of pentagons P on S as follows: 
(I) For each hole {x, y} E H define a copy of (KII' P II ) (Example 3.1) on 
{ oo} U ({x, y} x {I, 2, 3, 4, 5}) and place these 11 pentagons in P; and 
(2) For each x and y belonging to different holes and each (i, i, j, k, j) E C place the 
pentagon (x, i), (y, i), (x,j), (r, k), (y,j») in P, where r is the row of Fcontaining the pair 
{x, y}. 
It is straightforward to see that (S, P) is a pentagon system. Now, for each hole 
h = {x, y} E H denote by IX(h) a fixed nesting of the copy of (KI\' PI\) defined on 
{oo} U (h x {I, 2, 3, 4, 5}) and define a mapping IX: P -+ S as follows: 
pIX 
(1) pIX(h), if p E {oo} U (h x {I, 2, 3, 4, 5}), 
for some h E H; and 
(2) (c, k), if p = «x, i), (y, i), (x,j), (r, k), (y,j», 
where c is the column of F containing {x, y}. 
CLAIM. IX is a nesting of (S, P). We must show that the collection of stars p* = 
{(a, b, c, d, e); pIX) I p = (a, b, c, d, e) E P} is an edge-disjoint partition of K lOn + I (based on 
S). Trivially, the copies of {oo} u (h x {t, 2, 3, 4, 5}), hE H, are partitioned by stars 
belonging to p* and so it suffices to show that each edge of the form {(x, i), (y,j)}, x and 
y in different holes, belongs to some star of P*. There are two cases to consider, i = j and 
i#-J. 
i = J. Without loss of generality we consider i = j = 4. Now since Fis a skew frame and 
x and y belong to different holes, exactly one of the cells (x, y), (y, x) is occupied. If (x, y) 
is occupied by {a, b}, then (a, 1), (b, 1), (a, 3), (x, 4), (b, 3») E P and ((a, 1), (b, I), (a, 3), 
(x, 4), (b, 3»; (y, 4») E P*. The same argument is valid if cell (y, x) is occupied. 
i #- J. There are two subcases here. Again, without loss of generality we can consider the 
casesi = 3,j = 4andi = I,j = 4. 
i = 3,j = 4. Since x and y belong to different holes, column y contains a pair of the form 
{x, z}. Denote by (r, y) the cell containing {x, z}. Then (x, 1), (z, 1), (x, 3), (r, 4), (z, 3») E P 
and ((x, 1), (z, 1), (x, 3), (r, 4), (z, 3»; (y, 4») E P*. A similar argument handles the 
case i = 1, j = 4. Combining all of the above cases shows that IX is indeed a nesting 
of (S, P). 
THEOREM 3.3. If there exists a skew frame of order 2n, then there exists a pengagon system 
of order IOn + 1 which can be nested. • 
Set R = {4, 6, 8, 12,22,30,38,40,44,46,48,52,54,56,60,62,68, 72, 76, 86, 92, 102, 
l16,II8,124,134} . 
COROLLARY 3.4. There exists a pentagon system which can be nested of every order 
IOn + I except possibly for 2n E R. 
PROOF. Stinson [II] has constructed skew frames for all 2n ¢ R. • 
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THE FINITE FIELD CONSTRUCTION 
If IOn + 1 is a prime power, let F = GF(lOn + 1) and let x be primitive in F. Define 
B = {(Xi, x i+1n, X i+4n, X i+6n, X i+8n)1i = 0, 1, 2, ... ,n - I} and P = {(a + y, b + y, 
c + y, d + y, e + y) I (a, b, c, d, e) E Band y E F}. Then (F, P) is a pentagon system and 
the mapping a given by (a + y, b + y, c + y, d + y, e + y)a = y is a nesting. 
For example, the pentagon system (KII , PI I) of order 11 given in Example 2.2 and nested 
in Example 3.1 was constructed using the finite field construction. 
THE PBD CONSTRUCTION 
Let (S, B) be a pairwise balanced design (PBD) all of whose blocks are the size of a pen tagon 
system which can be nested. Then placing such a pentagon system on each block gives a 
pentagon system (S, P) which can be nested. 
THEOREM 3.5. There exists a pentagon system which can be nested of every order n == 
(mod 10) except possibly Ill, 201, 221, 231, 261, 301, 381, 511, 581, 591 and 621. 
PROOF. The possible exceptions (listed in Corollary 3.4) 31, 41, 61, 151, 191, 241, 
271,281,311,341, 361,431, and 461 are prime powers and 671 = 11·61 is the order 
of a PBD with block sizes 11 and 61. We can eliminate 21 as follows. Let V(K1I ) = Zll and 
set 
P = {(l + i, 6 + i, 19 + i, 18 + i, 7 + i), 
(4 + i, 16 + i, 13 + i,9 + i,l1 + i)liEZ1I }. 
Then (Kli , P) is a pentagon system of order 21 and the mapping a: P -+ Zll defined by (l + i, 
6 + i, 19 + i, 18 + i, 7 + i)a = i and (4 + i, 16 + i, 13 + i, 9 + i, 11 + i)a = i is a 
nesting of (K1I' P). • 
4. NESTING PENTAGON SYSTEMS OF ORDER n == 5 (mod 10) 
Since a pentagon system (Kn' P) of order n == 5 (mod 10) cannot be nested, the 
problem of de terming how 'close' we can come to nesting such a system is of consider-
able interest. As far as we are concerned 'close' means a smallest subset n of P so that 
(Kn' P\n) can be nested. Here nested means the existence of a mapping a: P\n -+ V(Kn) so 
that 
P* = {(a,b,c,d,e);pa)lp = (a,b,c,d,e)EP\n} 
is an edge-disjoint partition of E(Kn\n). A simple calculation shows that every vertex of Kn 
must be covered by at least 2 pentagons of a smallest collection n. Hence 2 parallel classes 
of Kn is as good a smallest subset as any. Hence a nesting of the pentagon system (Kn' P) 
of order n == 5 (mod 10) is a pair (n, a), where n consists of 2 parallel classes of Kn and a 
defines a set of stars which partition E(Kn \n). We give a complete solution, with 2 possible 
exceptions. The principal ingredient is a skew Room square. 
Let n be odd and set N = {O, 1,2, ... , n}. A Room square of order n is an n x n array 
R with the ("1 I ) 2-element subsets of N arranged in R (each pair used exactly once), so that 
the rows and columns of R form a I-factorization of Kn+1 (based on N). A Room square 
of order n is said to be standardized provided cell (i, i) is occupied by {O, i} for every i = 1, 
2, ... , n. A skew Room square is a standardized Room square with the additional 
property that for all i i= j E {I, 2, 3, ... , n}, exactly one of the cells (i, j) and (j, i) is 
occupied. 
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EXAMPLE 4.1. A skew Room square of order 7: 
0 I 3 7 5 6 2 4 
0 2 4 I 6 7 3 5 
0 3 5 2 7 I 4 6 
5 7 0 4 6 3 I 2 
6 I 0 5 7 4 2 3 
3 4 7 2 0 6 I 5 
2 64 5 I 3 0 7 
THE SKEW ROOM SQUARE CONSTRUCTION 
Let X = {I, 2, 3, ... , n} and set S = X x {I, 2,3,4, 5} . Let R be a skew Room square 
of order n (based on {O, 1,2, . . . ,n} = {O} u X) and let C = {(l, 1,3,4,3), (2, 2, 4,5,4), 
(3, 3, 5, 1, 5), (4, 4, 1, 2, 1), (5, 5, 2, 3, 2)}. Define a collection of pentagons P on S as follows: 
(I) For each x E X place the 2 pentagons (x, 1), (x, 2), (x, 3), (x, 4), (x, 5») and (x, 1), 
(x , 3), (x, 5), (x, 2), (x, 4») in P; and 
(2) If x # y E X and (i, i, j , k,j) E C place the pentagon (x, i), (y, i), (x,j), (r, k), (y, j») 
in P, where r is the row of R containing the pair {x, y}. 
Then (S, P) is a pentagon system and the' following is a nesting. Take n to be a set of all 
pentagons of type (1). Trivially, n consists of 2 parallel classes of K5n (based on S). Now 
define IX: P\n -> S as follows: 
(x , i), (y, i), (x,j), (r, k), (y,j))1X = (c, k), where c is the column of R containing the 
pair {x, y}. 
The proof that (n, IX) is a nesting of (S, P) is identical to the proof in the skew frame 
construction. 
THEOREM 4.2. The spectrumJor pentagon systems oj order n == 5 (mod 10) which can be 
nested if precisely the set oj all n == 5 (mod 10), except possibly 15 and 25. 
PROOF. The spectrum for skew Room squares is precisely the set of all odd n ;?; 7. (See 
[9] for example.) This handles every case except 5, 15, and 25 and the case 5 is trivial. • 
5. NESTING 2-FOLD PENTAGON SYSTEMS 
A 2-fold pentagon system is a pair (2K" , P), where P is a collection of pentagons which 
partition 2Kn • It is well known that the spectrum for 2-fold pentagon systems is the set of 
all n == 0 or 1 (mod 5). A nesting of the 2-fold pentagon system (2K" , P) is defined exactly 
as for pentagon systems, i.e. a mapping IX: P -> V(2K,,) such that the collection of stars 
p* = {(a, b, c, d, e), pIX) I p = (a, b, c, d, e) E P} 
is an edge-disjoint partition of E(2K"). A simple counting argument shows that a necessary 
condition for a 2-fold pentagon system (2Kn' P) to be nested is n == I (mod 5). It turns 
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out to be an easy undertaking to construct 2-fold pentagon systems of every order n == 
(mod 5) which can be nested. 
EXAMPLE 5.1. (2K6 ' P6), where P6 = {(t, 5,3,6,4), (2, 6, 1,4,5), (3, 4,2,5,6), (1,2, 
3,4,6), (2,3, 1,5,4), (3, 1,2,6, 5)} is a 2-fold pentagon system of order 6 and the mapping 
a given by (1,5,3,6, 4)a = 2, (2, 6, 1,4, 5)a = 3, (3, 4, 2, 5, 6)a = I, (1, 2, 3,4, 6)a = 5, 
(2, 3, 1, 5, 4)a = 6 and (3, 1,2,6, 5)a = 4 is a nesting. 
THE 5n + 1 NESTING 
Let (Q, 0) be a self-orthogonal quasi-group of order n (which we can take to be idempotent) 
[I] , let C = {(I, 1,3,4,3), (2, 2, 4, 5, 4), (3, 3, 5, 1,5), (4, 4, 1,2, I), (5,5, 2,3, 2)}, and 
set S = {ro} u (Q x {I, 2, 3, 4, 5}). Define a collection of pentagons P as follows: 
(1) For each x E Q define a copy of (2K6' P6) (Example 5.1) on fro} u {(x, I), (x, 2), 
(x, 3), (x, 4), (x, 5)} and place these 6 pentagons in P; and 
(2) If x #- y E Q and (i, i, j, k, j) E C place the 2 pentagons (x, i), (y, i), (x, j), 
(x oy, k), (y,j)) and (y, i), (x, i), (y,j), (yox, k) (x,j)} in P. 
It is easily seen that (S, P) is a 2-fold pentagon system. For each x E Q denote by a(x) 
a fixed nesting of the copy of (2K6' P6 ) defined on {ro} u ({x} x {1, 2, 3, 4, 5}) and define 
a mapping a: P -+ S in the following manner: 
pa 
(l)pa(x),ifpE{ro}u({x} x {1,2,3,4,5}), 
for some x E Q; and 
(2) (y ox, k), if p = «x, i), (y, i), (x,j), 
(x oy, k), (y,j». 
CLAIM. a is a nesting of (S, P). We must show that the collection of stars p. = 
{«a, b, c, d, e); pa) I p = (a , b, c, d, e) E P} is an edge-disjoint partition of 2K5n + I (based on 
S). Trivially, the copies of fro} u ({x} x {I, 2, 3, 4, 5}), x E Q, are partitioned by stars 
belonging to P* and so we must show that each edge of the form {(x, i), (y,j)}, x #- y, 
belongs to two stars of P*. There are two cases to consider: i = j and i #- j. 
i = j. Without loss of generality we can consider i = j = 4. Since (Q, 0) is self-
orthogonal there exists exactly one pair {a, b} such that a 0 b = x and boa = y. By con-
struction, the 2 pentagons (a, I), (b, 1) (a, 3), (aob = x, 4), (b, 3») and (b, 1), (a, 1), (b, 3), 
(b 0 a = y, 4) (a, 3») E P, and therefore the two stars ((a, I), (b, 1), (a, 3), (a 0 b = x, 4), 
(b , 3»); (b 0 a = y, 4») and ((b, 1), (a, I), (b, 3), (b 0 a = y, 4), (a, 3»; (a 0 b = x, 4») E p •. 
i #- j. There are two subcases here. Again, without loss of generality we can consider the 
cases i = 3,j = 4, and i = I , j = 4. 
i = 3, j = 4. Since (Q , 0) is an idempotent quasi-group there exists a, bE Q such 
thata ox = x ob = y.Hence(x, I),(a, I), (x, 3), (x oa, 4), (a, 3») and (b, 1), (x, I), (b,3), 
(b ox, 4), (x, 3») E P and so the two stars ((x, I), (a, I), (x, 3), (x oa, 4), (a, 3»; 
(a 0 x = y, 4») and ((b, 1), (x, I), (b, 3), (b 0 x, 4), (x, 3»; (x 0 b = y, 4» E P*. A similar 
argument handles the case i = I, j = 4. Combining the above cases shows that a is a 
nesting of (S, P). 
THEOREM 5.2. The spectrum for 2-fold pentagon systems which can be nested is precisely 
the set of all n == I (mod 5). 
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PROOF. Since there exists a self-orthogonal quasi-group of every order ni:l, 2, 3 or 
6, the 5n + I nesting handles everything except 6, 11, 16 and 31. Example 5.1 takes care 
of 6 and the finite field construction (Section 3) with IOn + I replaced by 5n + 1 and B 
replaced with {(Xi, x i+n, Xi+ 2n, Xi+ 3n , xi+4n) I i = 0, 1,2, ... , n - I} takes care of 11,16 and 
31. • 
Since n == 1 (mod 5) is necessary for the nesting of a 2-fold pentagon system of order n, 
just as for pentagon systems, the problem of determining how 'close' we can come to nesting 
a 2-fold pentagon system of order n == ° (mod 5) is of interest. A bit of fiddling shows that 
the removal of 4 parallel classes is as good as we can do. Hence the following definition. 
A nesting of the 2-fold pentagon system (2Kn, P) is a pair (n, IX), where n consists of 4 parallel 
classes of 2Kn and IX defines a set of stars which partition E(2Kn \ n). 
THE 5n NESTING 
Let (Q, 0) be a self-orthogonal idempotent quasi-group of order n, let C = {(I, 1,3,4,3), 
(2,2,4,5,4), (3, 3, 5, 1,5), (4, 4, 1,2, I), (5, 5,2,3, 2)} and set S = Q x {I, 2, 3,4, 5}. 
Define a collection of pentagons P in the following manner: 
(I) For each x E Q define 2 copies of(Ks, Ps) (Example 2.1) on {x} x {I, 2, 3, 4, 5} and 
place these 4 pentagons in P; and 
(2) If x i: y E Q and (i, i, j, k, j) E C place the 2 pentagons (x, i), (y, i), (x, j), 
(x oy, k), (y,j)) and (y, i), (x, i), (y,j), (y ox, k), (x,j)) in P. 
Then (S, P) is a 2-fold pentagon system. Now take n to be the set of all pentagons of type 
(I) and define IX on the pentagons of type (2) exactly as in the 5n + 1 nesting. 
THEOREM 5.3. The spectrum for 2-fold pentagon systems of order n == ° (mod 5) which 
can be nested is precisely the set of all n == ° (mod 5), except possibly 10, 15 and 30. 
PROOF. Since there exists a self-orthogonal quasi-group of every order ni:l, 2, 3 or 
6, the 5n nesting handles everything except 5, 10, 15 and 30. The case n = 5 is of course, 
trivial. • 
6. ALMOST RESOLVABLE 2-FOLD PENTAGON SYSTEMS 
A 2-fold pentagon system (2Kn' P) of order n == 1 (mod 5) is said to be almost resolvable 
provided the n(n - 1)/5 pentagons belonging to P can be partitioned into n partial parallel 
classes nl' n2, ... ,nn' where each partial parallel class nx contains (n - 1)/5 pentagons 
and has deficiency {x}. 
EXAMPLE 6.1. A resolution of the 2-fold pentagon system (2K6' P6): 
Parallel class 
(3, 4, 2, 5, 6) 
(1, 5, 3, 6, 4) 
(2, 6, 1,4, 5) 
(3, 1,2, 6,5) 
(1,2,3,4,6) 
(2,3, 1,5,4) 
Deficiency 
1 
2 
3 
4 
5 
6 
Nesting and almost resolvability of pentagon systems 
EXAMPLE 6.2. A resolution of the 2-fold pentagon system (2KII' P22 ): 
Parallel class 
(I, 4, 5, 9, 3) 
(2, 5, 6, 10, 4) 
(3,6,7,11,5) 
(4,7,8, 1,6) 
(5, 8, 9, 2, 7) 
(6, 9, 10, 3, 8) 
(7, 10, 11,4, 9) 
(8, 11, 1, 5, 10) 
(9, 1, 2, 6, 11) 
(10, 2, 3, 7, I) 
(11,3,4,8,2) 
(2, 8, 10, 7, 6) 
(3,9,11,8,7) 
(4, 10, 1, 9, 8) 
(5, 11,2, 10, 9) 
(6, 1,3, II, 10) 
(7,2,4, I, II) 
(8, 3, 5,2, 1) 
(9, 4, 6, 3, 2) 
(10, 5, 7, 4, 3) 
(11,6,8,5,4) 
(I, 7, 9, 6, 5) 
Deficiency 
II 
I 
2 
3 
4 
5 
6 
7 
8 
9 
10 
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Apart from being of interest in itself, almost resolvable 2-fold pentagon systems 
are also of interest for the following reason. Let (2Kn' P) be an almost resolvable 
2-fold pentagon system with almost parallel classes Tel' Te2, ... ,Ten' Then the mapping 
a: P -+ {I, 2, 3, ... , n} given by pa = x if and only if p E Tex is a nesting of (2Kn' P). (The 
converse is not necessarily true, i.e. a nesting does not necessarily partition P into almost 
parallel classes.) 
THE IOn + 1 RESOLUTION 
We use a variation of the skew frame construction. Let X = {l, 2, 3, ... , 2n}, set 
S = {oo} U (X x {l, 2, 3, 4, 5}), and let F be a skew frame of order 2n (based on X). 
Let CI = {(l, 1, 3, 4, 3), (2, 2, 4, 5, 4), (3, 3, 5, 1, 5), (4, 4, 1, 2, 1), (5, 5, 2, 3, 2)} and 
C2 = {(t, 1,4,3,4), (2, 2, 5, 4, 5), (3, 3, 1,5, 1), (4,4,2, 1, 2), (5,5,3,2, 3)}. Define a 
collection of pentagons P on S as follows: 
(1) For each hole {x, y} E H define a copy of (2KlI' P22 ) (Example 6.2) on {oo} U 
({x, y} x {l, 2, 3, 4, 5}) and place these 22 pentagons in P; 
(2) For each x and y belonging to different holes and each (il> ii, jl' kl' jl) E CI place the 
pentagon (x, i l ), (y, i l ), (x,jl)' (r, k l ), (y,jl») in P, where r is the row of F containing the 
pair {x, y}; and 
(3) For each x and y belonging to different holes and each (i2, i2, j2, k2' j2) E C2 place the 
pentagon (x, i2), (y, i2), (X,j2) (c, k2), (y,j2») in P, where c is the column of Fcontaining 
the pair {x, y}. 
It is immediate that (S, P) is a 2-fold pentagon system of order IOn + 1. 
For each hole h E H we will denote by Te( 00, h) the almost parallel class with deficiency 
00 and, for each x E h, by Te(x, i, h) the almost parallel class with deficiency (x, i) in the copy 
of (2KII' P22 ) defined on {oo} U ({ h} x {l, 2, 3, 4, 5}). The following is a resolution of (S, 
P) into almost parallel classes: 
(1) Te(oo) = UTe(oo, h), all h E H; and 
(2) for each (x, i) E X x {I, 2, 3, 4, 5}, x E h, 
Te(x, i) = Te(x, i, h) U {(a, i), (b, i), (a,j), (r, k), (b,j))1 all {a, b} belonging to column 
x of F} U {(Cd, i + 1), (e, i + 1), (d,j + 2), (c, k), (e,j + 2»)1 all {d, e} belonging to 
row x of F}, where (i, i,j, k,j) E CI and therefore (i + 1, i + I,j + 2, k,j + 2) E C2. 
LEMMA 6.3. There exists an almost resolvable 2-fold pentagon system of every order 
IOn + 1 for which there exists a skew frame of order 2n. • 
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LEMMA 6.4. There exists an almost resolvable 2-fold pentagon sy stem of every order 
IOn + 1, except possibly 201 , 221 , 231 , 261 , 581 , 591 and 621. 
PROOF. The finite field construction (Section 3) with i = 0, 1, 2, ... , n - 1 replaced 
byi = 0,1,2, ... , 2n - I reducesthelistofpossibleexceptionsinLemma6.3t021 , Ill, 
201,221,231,261,301,381 , 511 , 581,591,621 and 671. The numbers 111,301 , 381 and 
511 are orders of PBDs with block size 6 [4] and 671 = 11 ·61 is the order of a PBD with 
block sizes II and 61. Let V(K21 ) = Z 21, and for each i E Z 21 define 1[j = {(l + i, 6 + i , 
19 + i, 18 + i, 7 + i), (4 + i , 16 + i, 13 + i, 9 + i, 11 + i), (20 + i, 15 + i, 2 + i , 
3 + i , 14 + i), (17 + i, 5 + i , 8 + i , 12 + i, 10 + i)} , and set P = 1[0 U 1[1 U 
1[2 U ..• U 11:20' Then (2K2., P) is a 2-fold pentagon system of order 21 and 11:0 ' 11:. , 
11:2 , ••• , 11:20 is a resolution of P into almost parallel classes. Removing these 6 numbers 
gives the statement of the lemma. • 
THE IOn + 6 RESOLUTION 
This is essentially the IOn + I resolution with skew frame replaced by skew Room square 
and (2K. 1 , P22 ) replaced by (2K6 , P6 ). Let n > 7 be odd, X = {l, 2, ... , n}, 
S = {ro} U (X x {I, 2, 3, 4, 5}), R a skew Room square of order n (based on {ro} U X) , 
and define C. and C2 as in the IOn + I resolution. Now define a collection of pentagons 
P on S as follows: 
(1) For each x E X define a copy of (2K6 , P6 ) on {ro} U ({x} x {1, 2, 3,4, 5}) and place 
these 6 pentagons in P; 
(2) For each pair x # y E X and each (iI, ii' i. , kl' il) E C1 place the pentagon 
(x, i.), (y, i.), (x, k.), (r , k l ) , (y,id) in P, where r is the row of R containing the pair 
{x , y}; and 
(3) For each pair x # y E X and each (i2, i2, i2 , k2, i 2) E C2 place the pentagon 
( x, i2), (y , i2)' (X, i2), (c, k2), ( Y, i 2») in P, where c is the column of R containing the pair {x, y}. 
The fact that (S, P) is a 2-fold pentagon system is apparent. The fact that (S, P) can 
be resolved into almost parallel classes is (with obvious replacements) identical to the 
resolution in the IOn + I resolution. 
LEMMA 6.5. There exists an almost resolvable 2-fold pentagon system of every order 
IOn + 6 for which there exists a skew Room square of order 2n + I. • 
LEMMA 6.6. There exists an almost resolvable 2-fold pentagon system of every order 
IOn + 6, except possibly 26. • 
PROOF. There exists a skew Room square of every order 2n + ~ 7 leaving only the 
cases 6, 16 and 26 unsettled. (2K6 , P6 ) takes care of6 and the modification of the finite field 
construction given in Theorem 5.2 takes care of 16. • 
Combining Lemmas 6.4 and 6.6 gives the following theorem: 
THEOREM 6.7. The spectrumfor almost resolvable 2-fold pentagon systems is the set of all 
n == I (mod 5), except possibly 26, 201 , 221, 231 , 261 , 581 , 591 and 621. • 
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7. SUMMARY AND OPEN PROBLEMS 
(1) The known spectrum for pentagon systems of order n == 1 (mod 10) which can be 
nested is the set of all n == 1 (mod 10), except possibly for Ill, 201, 221, 231, 261, 301 , 381, 
511, 581, 591 and 62l. Determine the spectrum of pentagon systems of order n == 1 
(mod 10) which can be nested. 
(2) The spectrum for pentagon systems of order n == 5 (mod 10) which can be nested is 
precisely the set of all n == 5 (mod 10), except possibly 15 and 25. Do there exist pentagon 
systems of orders 15 and 25 which can be nested? 
(3) The spectrum for 2-fold pentagon systems of order n == I (mod 5) which can be 
nested is precisely the set of all n == I (mod 5). The spectrum for 2-fold pentagon systems 
of order n == 0 (mod 5) which can be nested is the set of all n == 0 (mod 5), except possibly 
10, 15 and 30. Can these numbers be removed as exceptions? 
(4) The known spectrum of almost resolvable 2-fold pentagon systems is the set of all 
n == 1 (mod 5), except possibly for 26, 201, 221, 231, 261 , 581, 591 and 62l. Determine the 
spectrum of almost resolvable 2-fold pentagon systems. 
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